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Viscous Hydrodynamics: Israel-Stewart Formalism

Equation of motion :

Energy momentum tensor (for zero bulk viscosity) : 

where

(velocity shear
 tensor)

Cooper-Frye freeze-out procedure :

where

Explicitly, (                  ,                  )

πττ

Σ

Δ



A State-of-the-art Equation of State: s95p-PCE

s95p-PCE generated by Peter 
Petreczky & Pasi Huovinen

Shen, Heinz, Huovinen, Song,Phys.Rev. C82 (2010) 054904



Fit to RHIC data

• good fit in the central 
cases, while too flat in 
the peripheral cases

• Excellent fit to elliptic 
flow data up to 60% in 
centrality

Shen, Heinz, Huovinen, and song, 
Phys. Rev. C84 (2011) 044903



Predictions at LHC

• VISH2+1 predictions agree with ALICE measurements 
remarkably on identified particle spectra and elliptic 
flow

arXiv: 1202.3233

Shen, Heinz, Huovinen, and song, Phys. Rev. C84 (2011) 044903



More advanced 
Hybrid Approach

Heinz, Shen, Song,
AIP Conf.Proc. 1441 
(2012) 766-770

Improved 
by VISHNU

Raimond Snellings
arXiv:1106.6284v2
hydro: Shen et al.,
Phys. Rev. C 84, 044903



Song et al. 
PRL106 (2011)192301

1 < 4⇡(⌘/s)QGP < 2.5

1(7)

More advanced Hybrid Approach

• Dominant source of uncertainty:      vs."Gl
x

"KLN
x

vch2 /"
x

(1/S)(dNch/dy)•         vs.                       is “universal”, which only 
depends on      .  ⌘/s



Elliptic and Triangular Flow

• By tuning      , both models can describe elliptic 
flow of all charged hadrons at LHC energy

• MCKLN underestimates          by 30%, while 
MCGlb gives fairly good agreement with ALICE 
data
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MC-KLN η/s = 0.20 (b)
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MC-Glb. η/s = 0.08 (d)
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Zhi Qiu, Chun Shen, and Ulrich Heinz,
Phys.Lett. B707 (2012) 151-155



Little Bang

Initial energy

 density

Hadronization

Kinetic 

freeze-out

final detected 

particles distributions

QGP phase

e
+

e
-

Hadron
gas

phase

τ ~ 0 fm/c τ ~ 1 fm/c

pre-
equilibrium
dynamics

Relativistic Heavy-Ion Collisions

free streaming

τ ~ 10 fm/c

viscous hydrodynamics

collision evolution

π

K

p

τ ~ 1015 fm/c



In Collaboration with visualization framework by MADAI collaboration, funded by the NSF under grant# NSF-PHY-09-41373

Hydro evolution
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1MeV ⇠ 1010K
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Global Observables
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Centrality dependence of final charged multiplicity
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S. Adler et al. (PHENIX Collaboration), Phys. Rev. C 71, 034908 (2005)

K. Aamodt et al. (ALICE Collaboration),  Phys. Rev. Lett. 106, 032301 (2011)



Centrality dependence of final charged multiplicity
Shape comparison
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Centrality dependence of final charged multiplicity
Shape comparison

MC-Glb. shows good scaling behavior (fixed hard/soft ratio    )↵

MC-KLN: the slope of the curves get flatter as we go to 
the lower collision energy (not a viscous effect!)
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radial flow and particle pT-spectra
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radial flow and particle pT-spectra
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0~5%
MC−Glb. d/s=0.08

√
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the slope of particle pT-spectra gets flatter
average radial flow        increases by 80%hv?i
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(arXiv: 1109.5313)
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For stronger radial flow:

the slope of the particle 
spectra get flatter

the splitting between 
different species of 
particles get larger



Elliptic flow and v2
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A(1 + 2v2 ⇤ cos(2�) + · · · )
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Elliptic flow

Good 
p
s scaling behavior for MC-Glauber model

Scaling breaks in MC-KLN model due to different 
centrality dependence of overlapping area
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⌘/s = 0

• Ideal hydro: v2(pT ) GeVpeaks at around
p
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Summary

dN/d⌘

Npart/2
Npartvs v2/✏2

1

S

dN

d⌘
vs

• MC-Glb. with                 shows good     -scaling behavior
p
s⌘/s = 0.08

MC-KLN model with                 does not⌘/s = 0.20

• Increasing shear viscosity changes the balance between 
radial and elliptic flow, shifting the peak of                 to 
larger 

v2(
p
s, pT )p

s

• Novel final shape analysis predicts the spatial eccentricity 
at freeze-out approaches zero at LHC energy 

Collision energy dependence of soft hadron observables 
will help us constrain initial conditions as well as 
evolution dynamics
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